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Generalized Variable-Coefficient KP Equation
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The variable-coefficient generalizations of the celebrated KP equation (GvcKPs)
are realistic models for various physical and engineering situations. In this note,
the application of symbolic computation and the truncated Painleve expansion
leads to an auto-Backlund transformation and soliton-typed solutions to a type
of the GvcKPs.

The variable-coefficient generalizations of the celebrated KP equation
are of practical value since they are able to realistically model various engi-
neering and physical situations. However, they are not so easy to be learnt,
also because of the existence of their coefficient functions.

In this paper, the following type of the generalized variable-coefficient
KP equation,

(u; + uuy + ue)s + a(y, Hue + b(y, Huy + c(y, Huyy
+ d(y, Huy + e(y, Huy = 0, (1)

is under investigation, where a(y, ), b(y, 1), c(y, ©) F 0, d(y, t) and e(y, 1)
are analytic, sufficiently differentiable functions. It has been shown (Clarkson,
1990) that the constraints which the variable-coefficient functions must satisfy
for Eqn. 1 to pass the Painleve tests for complete integrability are precisely
the same as those in order that Eqn. 1 may be transformed into either the
KP or KdV equations, thus becoming the necessary and sufficient conditions
for Eqn. 1 to be completely integrable.
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We hereby do not make the assumption that Eqn. 1 possesses the Painleve
property, but truncate the Painleve expansion (Weiss et al., 1983) at the
constant level term, i.e.,

J
u(x, y, 1) = ¢70e 3 ) ;0 wlx, y, D¢'(x, v, 0 with J =2, (2)

so as to obtain the Backlund transformation as well as some special solutions
for Eqn. 1 without requiring it to be completely integrable. Hereby J = 2 is
determined via the leading-order analysis, u/(x, y, 1) and ¢(x, y, f) are analytic
functions with wuo(x, y, 1) F 0.

When substituting Expression 2 into Eqn. 1 with symbolic computation,
we make the coefficients of like powers of ¢ to vanish, so as to get the set
of Painleve-Backlund (PB) equations. After symbolic computation, we find
the following auto-Backlund transformation,

Eqn. 2,

up = —1293, vi = 12¢., b # 0, (3)
chy + dudy + €7 + 00, + ¢fix = 3¢5 + 40 = 0, )
(uz + wauz + U o) + aus + busy, + cuzyy, + dusyy + eur e =0, (5)
ady + boy + cdyy + dby + b + Gy + Qo + Qi = 0. (6)

Having made some assumptions and used symbolic computation to
deal with complicated calculations, we end up with the following soliton-
typed solutions:

u(x, y, f) = 3B2 Sechz{% x + % J o~/ b/l dy

X [Y(l) ~B J %8&—3 of O] dy dy] dy + Q;ﬁ} +o. (7)

where acand B # 0 are real constants, while (7) and o(7) are real, differentiable
functions. Those solutions hold when the following constraint on the coeffi-
cient functions is satisfied,

B2/ BONC dg J A l) ytbaiecnon ds g,
T ) e

+ 2Be(y: Y(1) J 2%—3 of DO & g, 322 1 PO0IeC] dy
(3,

— B4€2/ [b(y.nlc(y0] dy _ B2e2 J[b(y0le(y,0] dye(y, )
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= Be P By () = (32 YD)
2

AV D) aretron @ D] b
— B, z)[ J :E-;é—l)l of BODIE d dy] — Bel/ B s

+ Be2 J[b(y.nle(y.n] dy J e/ [b(yn.0)/c(y.0)] dy

: {B J ¢y ! oDl "y[a(y, De(y. 1

_Jc(v Nb(y. ) = b(y. Nely, 1)

JET dy + c(p, Dady, 1)

~ a(y D z)] dy + [v(t) - p J A s dy]

| e 0b(y. 1) = b(v. Delv. 1)
A b

dy — Yr(l)} dy = 0. (8)
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